Abstract. The theory of nonabelian cohomology is used to show that the set of fixed points of a finite group acting on a Siegel modular space is a union of Shimura varieties 0. Introduction Let ^ bea finite group of automorphisms of the symplectic group Sp2"(R) which leaves invariant the maximal compact subgroup U"(C) and let Y be a torsion free arithmetic subgroup of Sp2"(Q) which is invariant under j¡. Denote by <&" the Siegel upper half space of degree « , i.e., <£>" = {Z e M"(C)\Z = 'Z, ImZ > 0}.
1. Fixed-point components 1.1. Let G be a connected semisimple algebraic group defined over Q, let AT be a fixed maximal compact subgroup of the group G(R) of the real points of G, and X = K\G(R) the associated symmetric space.
Let ß be a finite group of automorphisms of G(R) which keeps the maximal compact subgroup K invariant. Then there exists an induced action of ¿t on the symmetric space X -K\G(R) by isometries. Suppose we are given a torsion free, ^-stable, arithmetic subgroup r of G. Then p acts on the quotient space X/Y. Denote by (X/Yy the fixed-point set of this action. The proof follows the same lines as that of Proposition 1.3 of Rohlfs [6] . We omit the proof.
A cocycle in Zx(p, Y) is a map, s i-> bs, of p to Y such that bstbs ' s(bt)
1.5. We shall need the following lemma, the proof of which is the same as Rohlfs [6, Lemma 1.4].
Lemma. Let K be the fixed maximal compact subgroup in G(R), and let p be a finite subgroup in Aut G(R) which keeps the subgroup K invariant. Then the inclusion i: K <-> G(R) induces a bijection in cohomology i: Hx(p, K) -> Hx(y,G(R)). 1.6 . Given an element b in Hx(#, Y), we denote by b^ the image of b in Hx(p, G(R)) under the natural induced map Hx(ß, Y) -► Hx(p, G(R)). Clearly if b^ = b'^, then X(b), and X(b') are isomorphic to each other under the translation of an element in G(R). Thus it is enough to study X(b) according to the classification in Hx(p, G{ß)).
By the above lemma (1.5), we may assume that b is an element in Hx(#, K) and we get an exact sequence of pointed sets 
2. Nonabelian cohomology 2.1. To proceed further, we need an explicit description of the nonabelian cohomology H'(¿e, G), / = 0, 1, in terms of p.
Let us assume that G is semisimple and rkjj G > 0 and that every element in ß is an inner automorphism, given via a homomorphism p: p -► Inn(G). It is then enough to consider the central extension of groups
Using the homomorphism p: p -» Inn(G!), we can pull back the above central extension to obtain a covering group ß of p together with a commutative diagram of group homomorphisms
Here ^ is a homomorphism of ^ to G which covers our original homomorphism />: y -► Inn(C7), and restricts to the identity map on the center Z(G). In general, we consider the set Homz(G)(^, G) of all group homomorphisms 9: ß -> G which restricts to the identity on the center. Two such homomorphisms 6: ß -► G, 9': ß -* G are said to be equivalent if they differ by the conjugation with an element x in G. The set of all these equivalence classes of homomorphisms will be denoted by HomZ(G)(ß, G)/G. 3. HeRMITIAN REPRESENTATIONS OF ß 3.1. We will concentrate our effort in studying the cohomology Hx(ß, G) in the special case when G is the symplectic group Sp2"(Q), and p consists of inner automorphisms. In this setting, the theory can be reduced to one of skew-hermitian representations of ß.
First of all, the center of Sp2"(Q) is a cyclic group of order 2 with -I2n as the nontrivial generator. It follows that ß is a 2-fold covering over p with a nontrivial element oe in the kernel of the projection ß -> p, which maps onto -hnAs a consequence of §2 there is a one-to-one correspondence between Hx(p, Sp2"(Q)) and the set of isomorphism classes of pairs (V, X) consisting of a 2«-dimensional vector space V over Q and a pairing X: V x V ^ Q satisfying the following conditions:
A is nonsingular and skew symmetric ; Therefore the set of elements of Hx(ß, GL(V)) which correspond to those representations of ß such that to operates as -1 is the same as the set of nonnegative integers n[x\ satisfying (3.2.2) and (3.2.3).
Next we turn to the problem of classifying to skew-symmetric ¿¿-invariant pairings X : V x V -► Q. It follows from Schur's lemma that any ¿¿-invariant, bilinear pairing (V, X) is decomposed into an orthogonal sum of its primary components, (V, X) = ¿Z(V[x], ¿M), and so we can concentrate our discussion on the primary components (V[x], X[x]). As a vector space over Q, the W[x] has at least one positive-definite, symmetric pairing b(x, y), and by taking the average with respect to the group action we arrive at a ¿í-invariant, nonsingular, symmetric pairing b over W [x] .
As is well known, any nonsingular symmetric pairing (X, ß) gives rise to an involution i(ß) on the endomorphism ring of X. For, from the nonsingular pairing, we have an adjoint isomorphism ad(/?): X -> Hom(X, <Q>) = X* between X and its dual X*. Given an endomorphism ^ of I, there is an induced endomorphism on its dual yi* : X* -► X*. The part of the theorem about Hx follows from the above discussion. We recall that the cohomology H°(#; Sp2"(Q)) is the same as the group of automorphisms preserving the ¿î-invariant, skew-symmetric pairing (V, X). Let D be a product a division algebras over Q with a positive involution iD, and let *F be a representation of D into End( V). We refer to [9] for the definition of PEL structures on abelian varieties. The set of all isomorphism classes of PEL structures of a fixed type £2 = (D, *F, iD ; V, X, L ; x¡) forms a moduli space. We refer this moduli space as the Shimura variety and denote it by Sy. Then according to Shimura [9] [10] [11] there is a natural isomorphism between the moduli space Sq> and the quotient space 0>p/r n Gy . In the first two cases, we have isolated points as fix point set, and in the third case we have a product of curves as its fixpoint set.
Example (4.4.2). The situation for the cyclic group of order two is similar. In the case when ß is a split extension, ß = p x Z/2, we have the group algebra Q»W = QW = Q+ x Qand so we are in Type I situation. The fixed-point components are a product of Siegel modular spaces of various dimensions.
